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THE NECESSARY AND SUFFICIENT CONDITIONS UNDER WHICH 
TWO LINEAR HOMOGENEOUS DIFFERENTIAL EQUA- 
TIONS HAVE INTEGRALS IN COMMON 

By A^^^ierce 

In the theory of the linear homogeneous differential equations, many 
properties and relations are found which are very closely parallel to those of 
the ordinary algebraic equations. One of these is the necessary and sufficient 
condition (as given in determinant form) that two such equations should have 
integrals in common. 

The necessity and sufficiency of this condition have been established by 
von Escherich* and Heffter,t the latter of whom has also proved the condi- 
tions for multiple common integrals.} The method used in the present paper 
for establishing the sufficiency of this condition follows entirely new lines and 
has many points of principlo in common with that for the corresponding alge- 
braic problem as given by Mansion in his Meynents de la theorie des deter- 
minants,^ 

In §1, I have proved the necessary condition after the method of von 
Escherich, which is the analogue of Sylvester's dyalitic method of elimination 
as used in the algebraic problem. The proof of the main problem in §2 is 
divided into two distinct parts : in the first part is the proof of a theorem of 
considerable generality and value aside from the purposes of this paper, which 
expresses a sufficient condition in symbolic form ; in the second part, after 
a preliminary definition, and discussion and proofs of the properties of 



♦ Denkschriften der Wiener Academies vol. 46 (1883). 

t Crelle, vol. 116 (1896) and Archiv der Mathematik und Physik, ser. 3, vol. 3 (1902). 
X Archiv, der Mathematik und Physik, I. c. 

§ Mansion : Elements de la theorie des determinants^ sixth edition, Paris, 1000. 

(17) 
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matrices involved, the sufficiency of the condition of §1 is proved on the 
basis of the above mentioned theorem. The form of proof here given was 
adopted to avoid the consideration of certain special cases which would other- 
wise require separate discussion, and also to make the transition to the cases 
of §3 simple and direct. In §3, I have proved necessary and sufficient condi- 
tions for the case of several independent integrals in common. 

It is also to be noticed that the discussion here given, gives the results 
for the algebraic problem by using the differential equations with constant co- 
efficients, as will be pointed out more in detail below. 

We shall indicate by the symbol A the linear homogeneous differential 
operator 



of order a, in which the coefficients are functions of x ; and alsa by Ay the 
result obtained by applying the operator A upon the quantity y, namely : 

d'^y d'^-^y dy 

It should be noticed that we assume that the function aQ is not identically 
zero. Similarly By i2, S are linear homogeneous differential operator's of 
orders 6, r, s respectively and whose coefficients, also functions of «, may be 
indicated by /S, /?, a respectively ; with subscripts to correspond. Also RAy 
shall mean that A is first applied to y and then R applied to the result ; simi- 
larly for SBy. 

Throughout this paper, we shall take a ^b. 

1. Now since any function which satisfies Ay = will also satisfy 

-p A{y) = 0, by differentiating Ay successively with respect to x and each 

time placing the result equal to zero-, and similarly for By^ we obtain a system 
of equations which is satisfied by every integral common to the two differen- 
tial equations Ay = and By = 0. K we differentiate the first (6 — 1) times, 
the second (a — 1) times and rearrange, we obtain a system of (a + b) equations 
which must be satisfied by every function which satisfies both of the given 
equations. These equations will be linear and homogeneous in y and its first 
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2. Lemma: If A{y) and B(^y) be two linear homogeneous differential 
expressions such that we can find two linear homogeneous differential operators 
R and Sfor which RAy = SBy and s <a, then the two differential equations 
Ay = and By = have at least one integral^ other than zero^ in common. 

From the condition of identity in the hypothesis, r + a = « + 6 and there- 
fore r <b if « < a. 

Let yo,i> ya,2» • • • » Va^a be a fundamental system of integrals of the dif- 
ferential equation Ay = 0. 

Since Ay^^^i = 0, and therefore RAy^^i = 0, for t= 1, 2, • • • , a, our 
identity gives SBy^^ ,• = for the same system of values of t. As a result, 
we have the following two possibilities: either (1) one or more of the func- 
tions ya^i is an integi-al of the equation By = ; or (2) y^ ,-, when substituted 
for y in the expression By^ always gives an integral, not identically zero, of the 
differential equation Sy = 0. 

The first of these possibilities establishes the theorem stated without 
further discussion, so we turn to the second alternative. 

Let us indicate the results of the substitution as follows : 

Of these functions y,^ j^ not more than s can be linearly independent, so we will 
consider that our integrals y^i, ya^, - - - j !/aa ^^^^ been so arranged that all 
of the functions y,^ ^ which are independent are included in the first s of the a 
given above. Then we can write 

y*,«fz = H/y*, 1 + \iy,,2 + • • • + \iys,8 

for all values of Z from 1 to (a — s) inclusive, where the quantities X are con- 
stants and not all zero. 

Let us now form a solution Ya^g_^i of the equation Ay = in the same 
way out of y„j, y^^a^ • • - ^ Va^sy using the same constants X, as follows : 

Then ^ I^a, « + z = y». » + i ; but we also have By^^ , _|. ^ = y, , ^ ;. By subtraction , 
wc obtain 

i^(ra..+.-ya, .+ 0=0. 

That is,( r^, «+/ — ya, «+ /) is an integral of the equation By = 0. But 
it is an integral of the e(iuation Ay = since it is a linear combination, with 
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constant coefficients, of integrals of this equation. Moreover I^a,a+« — ya,* + / 
is not identically zero since the functions y„^ i are linearly independent. There- 
fore the theorem is proved. 

We have also the following corollary : 

Corollary. The differential equations Ay = and By = have at 
least {a — 8) independent integrals in common. 

^a,» + ? contains only the integrals y^^ i, y^^ 2> * • • » ya,«» and ^be inte- 
grals ya,s-\-i are independent integrals for all the different values of I from 1 to 
(a — «) inclusive. Therefore the expressions i^o, »+z — Va^i-yi are linearly in- 
dependent of each other for the above set of values for I. But they are all in- 
tegrals of the two equations. Therefore our statement is proved. 

In proving the sufficiency of the condition A (a;) = by means of the 
lemma just proved, certain complications arise on account of the great number 
of ways in which this determinant may vanish : for example, by the vanishing 
of all its minors down to a certain definite order ; or the vanishing of all the 
minors which enter matrices chosen according to certain laws, matrices to 
which I have given the special name, submatrices of the various orders, and 
which are defined as follows : 

Definition: The n^'' submatrix of the detenninant A(a;) is obtained by 
cutting off the first n columns, the first n rows, and the last n rows. 

We now prove three properties of these submatrices which are fundamen- 
tal in our discussion. 

Property I : If the n^^ submatrix vanish, and n < 6, then A(a;) vanishes. 

For the matrix obtained by cutting off the first n and also the last n rows 
of the determinant A (a;; vanishes since the columns of this matrix in which all 
the elements are not zero are the columns of tlie n"' submatrix. Now expand- 
ing A according to its minors found in this matrix, we find that every term of 
this expansion has one factor zero and therefore A(ic) must be zero. 

Property II: If the {n -\- \y^ submatrix does not vanish, not all the first 
minors of the n'^ submatrix can vanish. 

Let Z) be a determinant of (n -f 1)*^ submatrix which does not vanish. 
Construct the determinant of order one higher than D in which the first element 
of the first column is a^ and all the other elements of that column are zeros and 
D is the minor of a©, and also all the other elements of the first row are the 
elements of the first row of the n"' submatrix which occur in the columns with 
the elements of the columns of Z>. Then this new determinant is a first minor 
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of the n^ submatrix and being equal to a^yD is not identically zero : thus prov- 
ing our property. 

Property EQ : In A(«), there is always a submatrix which'does not van- 
ish \£Ay^f(x)' By. 

If a > 6, the U^ submatrix is such a one ; its first determinant being 
/So"""* 9^ 0. If a = 6, the (6 — l)*Ms such. Here the matrix has two rows 
and if it vanished we should have the relation 

«o "^0 = «i :^i = • - . = ajt r^jt = . • • , 

which is excluded by the hypothesis. 

We now take up our principal theorem. 

Theorem : If Ay = and By = be two linear homogeneous differential 
equations of orders a and b whose coefficients make ^{x) vanish identically^ 
then Ay = and By = have at least one integral in common^ which is not 
identically zero. 

We may assume that the first members of the differential equations are 
not proportional to each other as otherwise these equations would obviously 
have all their solutions in common. By Property in there exists therefore a 
submatrix of A {x) which does not vanish. Let the (w + 1 ) "^ submatrix be the first 
one which does not vanish. It follows from the proof of Property III that 
/i< 6, or if a = 6 that n < 6 — 1. Then, if A = a + 6 — 2n, it has (A — 2) 
rows and (A + n — 1) columns, and the n^ submatrix has h rows and {h + n) 
columns. Writing the n^^ submatrix, we have 
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We shall first assume that the determinants of order (h — 1) given by 
the first (A — 1) columns are not all zero. 

Now form all the determinants of order h in which the first (A — 1) 
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columns are the first (A — 1) columns of the n^ submatrix and the h^ col- 
umn is successively one of the remaining (n + 1) columns. In each of these 
determinants multiply the elements of the last column by one of the factors 

d^' dx^' ' ' ' ' dl' y, according as they belong to the A«>, (A + 1)*^*, • • • , 

(A + n — 1)*S (h 4- w)***, column of the submatrix respectively ; and then add 
them all together. We thus obtain a new determinant in which every element 
of the last column is a linear homogeneous diflferential expression of order n. 
This new determinant vanishes because by hypothesis each of the determinants 
which we added together to form it vanished. 

In the new determinant, we multiply the successive columns beginning 

with the first and including the (h — 1)^ by the factors , h^n-^i ' ^^4-n-2 » 

• • • > J n-n respectively and add to the last column. Placing r = (6 — n — 1) 
and «=(a — n — 1), the relation can then be rewritten as follows : 



«o , «i + r«J , . 


• • 


» • . 


*■ A 


0, oo , . . 
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• , 0, ao, («i + oj), 
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If we expand this determinant according to the elements of the last column, 
we have the form 

In this scheme, we notice, that, starting from the right, the elements of 
the first column of the submatrix are multiplied by y, those of the second column 

by -T^, those of the third by y^, and so on. 

It may happen that the particular (A — 1) columns, which we have picked 
out of the submatrix do not fulfil the hypothesis explicitly made concerning 
them and that in fact the quantities pi and <tj all vanish identically. But from 
Property II, we see that we can choose (A — 1) columns which do fulfil this 
hypothesis. Then we may proceed in a similar manner, always associating 
the elements of every column with the derivative of y of proper order. 

Therefore we always have an expansion like that given above in which 
the quantities pi and aj do not all vanish. Indeed from Property II, we see 
that the (A — 1) columns can be chosen so that neither pQ nor o-q is zero. 

Writing 



and 







d' d'-» 

''Ux' + '^'d.^-^'-- 


• • + "'->i + "'^'^' 



our relation becomes 

RAy - SBy = 0. 

By the lemma of this section this gives us at least one integral common to 
Ay = and By = 0, because s = a — n — lis less than a even for the most 
unfavorable case, w = 0. 

Therefore under all possibilities, the identical vanishing of Afx) is a suf- 
ficient condition that Ay =. and By = shall have an integral not identi- 
cally zero in common. 

We also have the following 
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CoROLi#ARY : If the n^^ sabmatrix vanishes, then 'Ai/'= and i?y = O.have 
at least (n + 1) independent integrals in common. 

3. After deRning principal minors of A(x), we shall take up the discus- 
sion of necessary and sufficient conditions for multiple common integrals. 

Definition. The k^ principal minor of A (a;) is that determinant ob- 
tained by cutting off the first k and the last k rowsiind columns, and will be 
represented ^by 'Ai.(x) . 

Theorem. If Ay = and By = have (m -\- \) independent integrals 
in common^M{x) and itsfirst m principal. minoi^s must vanish Ktdentically. 

Take the system of equations obtained by cutting off the first i and also 

the last i equations of ,the system from which A(x) is obtained in §1, when 

arranged as. there indicated. This will. leave (a + 6 — 2i) equations in which 

the equation of highest order is of order (a + b ^ i^ 1). Eliminating the 

(a + 6--2i— 1) derivatives of y of highest order, we shall finally obtain a 

linear homogeneous differential equation in y which is at most of order i. The 

coefficients of the various derivatives of y in this equation are determinants of 

'the »*** submatrix of A (a;), each of which contains the first (a + 6 — 2t — 1) 

d*y 
eolumns of the t^*^ submatrix as columns. The coefficient of ^. in this 

equation is A{(y). 

This new equation of order i will be satisfied by the (m + 1) independent 
common integrals of Ay = and By = 0. Therefore if i ^ wi, every one of 
its coefficients must be zero ; and so Ai(x) must vanish identically for 
I = 1, 2, • • • , m. 

Theorem. IfA(x) and its first m principal minors vanish identically 
Ay = and By = have at least {m -{■ 1) independent integrals in com7non. 

We prove (1) that if A(x) and Ai(a;) vanish identically, then Ay = 
By = have at least two independent integrals in common. Then in order 
to use the method of complete induction, we prove (2) that if there are k 
independent common integrals when A(x) -and A^(a;)[t = 1, 2, • • . ,{k— 1)] 
vanish identically, there are at least {k + 1) such integrals when.Ajt(a:) also 
vanishes identically. 

First. Let A (a;) and Ai(x) vanish identically ; further let .the (n, + 1)''^ 
submatrix of Ai(x) be the fii*st one whirh.docs not vanish. If now wo mul- 
tiply the elements of the various columns of :thc ni^ submatrix by derivatives 
of y selected as indicated in the proof of the theorem of §2, and add together 
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in a properly chosen column as before, we shall obtain a determinant which 
must vanish identically. Since the elements of the last column of A(a;) do not 
appear in Aj (x) , we shall find that y does not appear as a tenn of this new 
determinant, although its derivatives do. Writing 6 — ??x — 2 = rj and a — Wi 
— 2 = «!, the column containing the derivative of y can be written 

-^Ay - A,6^2 y^.^-L—^Ay - A,6-8 y, • • • , -^Ay - A.i y, Ay - A.o y, 

By - B^y,-^By - B^^, . . . .-^^^^^^^By - ^o,a-8 V^a^^^V - -So.a-2 2h 

where ^o,t, -^oj represent functions of x which are coeflScients of y, or 
linear homogeneous differential operators of order zero. Expanding the de- 
terminant according to this column, we obtain a relation of the form 

R^Ay - S^By - T^y = 0, 

where i?i, 8i^ Tq are linear homogeneous differential operators of orders ri, 8^, 
and respectively. Substituting a common integral F, not identically zero, 
o( Ay = and By = in this relation, we have TqY= 0. Therefore 7\ 
vanishes identically and the above relation becomes 

BiAy - JSiBy = 0. 

Then, from the lemma, Ay = and By = must have at least(ni + 2) and 
therefore at least two independent integrals in common. 

Secondly. Let A(a;) and Ai(x) (i = 1, 2, • • • , k) vanish identically ; 
also let the (% + 1)^'^ submatrix of A^(a;) be the first one which does not 
vanish. 

As before, we multiply the elements of the various columns of the rif}^^ 
submatrix of Ajfc(a:) by the derivatives of y of proper order and add together 
in a properly selected column. There results a determinant which must vanish 
identically. 

Since the elements of the last k columns of Ax do not enter Ai.{x), y 
and its derivatives of order lower than k do not appear in this new deter- 
minant. Writing (6 — %. — ^ — 1) = Vf. and (a — Uf. — k — I) = s^. the ele- 
ments of this column can be written 
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j^^ ^y - ^k-\. b-k-i y> j^iT^ ^y - ^t- i.6-*-sy. • • • . 

^Ay-Aj,^^^^y, Ay - Au^i^^, By ^Bk-i^^y.-^By -i?^_i ^y,. .. , 

where ^;b _ i,i, j?jt_i^j represent linear homogeneous differential operators of 
order (A — 1). Expanding according to this column we obtain a relation of 
the form 

where Rj^^ Sky 7&-i are linear homogeneous differential operators of order 
rjb, «^, and (A;— 1) respectively. Substituting k independent integrals Yj, 
Fj . . . , Fjfe common to Ay = and By = 0, which by hypothesis they 
nmst have on account of the identical vanishing of A(x) and /^{(x) 
[i = 1, 2, • • • , (A; — 1)], we find that the differential equation of (k — 1)»* 
order, 

3nfe-iy = o, 

has k independent integrals. Therefore T^^i y vanishes identically and 
our relation becomes 

RkAy - Sjjiy = 0. 

From the lemma, Ay = and By = must have at least {n^ -\- k -\- 1) and 
therefore at least (^ + 1) independent integrals in common. 

Our proof is now completed by the method of mathematical induction. 

Combining the last two results we have the 

Theorem : A necessary and sufficient condition that two linear homogen- 
eons differential equations Ay = and By = shall have k independent inte- 
grals in common is that A(a;) and its first (k — \) principal minors shall vanish 
identically. 

This gives the 

Corollary : Ttoo linear homogeneous differential equations Ay = and 
By = have k and only k independent integrals in common y if and only if 
A (a;) and its first (k — I) principal minors vanish identically and the k^ prin- 
cipal minor does not. 
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4. I stated in the iatroduction that this discussion would give us all the- 
results for the corresponding problem of algebra. I shall now justify that stater 
ment. 

Fii'st, if we take the differential equation with constant coefficients and 
follow the process given for the necessity of the condition, we i^all find 
that the resulting formula is . just what ^ve should obtain if we put X* for 

-j^ and X® = 1 for y and then carried out the investigation as is ordi- 
narily done in algebra. 

Further we know that the solutions of linear: homogeneous differential 
equations with constant coefficients are in general of the form e^^, where X must 
satisfy the equation obtained above. From this consideration, we see clearly 
why we should obtain- the solution of the algebraic problem a& a special case 
from that of the differential equation. 

5. The following pacticulaccasee ai^given by way of illustinUion. 
1. Take 



It can easily be verified that if It and S be taken as follows : 

_d_ 
dx 

dx^ ^ ""^^ - / ^^ 






then 

BAy = SBi/. 

Therefore Ay = and By = have at least- one common integral not 
identically zero, since a — a = 1. By substituting e^ for y in the twodifleren- 
tial e<iuations we find them to be satisfied. 

2. Take 



— I 



* ' < 
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and 

R = x(x- 1) ^- + (a:8 - as* - 2« + 1), 



dx 

d 
dx 



S=x{x-\) f +(x'-a?-2x + \). 



Then 

EAy = SBy. 

From the lemma, we conclude that the two equations Ay = and By = 
have at least two independent integrals in common, since a — » = 2. In fact, 
the common integrals are the solutions of the differential equation 

^y ^x^ + xh,-Q 

3. Take 



and 



o„ _ d>y d^y dy 

R = x{3? _ 2a;« + a: - 1) ^ + (£b6 - 2a^ + 4a;* - 7a? - 2* + 2), 

^ = « («» - 2a;« + X - 1) ^j + (a? + »* - 5x» - X* - 2x + 2) ^ 

+ (_ 2«« + 2a? + 2x* - x» - a;« + 3«) . 

We can very easily verify that Ay = and By = have e* and er" as com- 
mon solutions, i. e. the solutions of the differential equation 

4- In these illustrations, we find that the number of independent integrals 

1^ which the two equation/^ have in common is exactly (a — «) . The reason for 

this is that the expressions given for B and S are those of the lowest order 

for which the identity is true. 

Ann Arbor , Michigan , 

December 1903. 



